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A.

NUMBER SYSTEM

(i) Natural Numbers : The counting numbers 1, 2, 3, 4,..... are called Natural Numbers. The set of
natural numbers is denoted by N. Thus N = {1, 2, 3, 4,...... }. N is also denoted by It or Z*

(i) Whole Numbers : Natural numbers including zero are called whole numbers. The set of whole

numbers, is denoted by W. Thus W = {0, 1, 2,...... }. W is also called as set of non-negative
integers.

(iii) Integers : The numbers..... -3,-2,-1,0,1, 2, 3..... are called integers and the set is denoted
bylorZ. ThusI(orz)=<{...-3,-2,-1,0,1, 2, 3......... >
(a) Set of positive integers, denoted by I* and consists of {1, 2, 3, ........... ¥
(b) Set of negative integers, denoted by I- and consists of {........... , —3,-2, -1}
(c) Setof non-negative integers {0, 1, 2, 3,........... ¥

(d) Set of non-positive integers {...., -3, -2, -1, 0}
(iv)Even Integers : Integers which are divisible by 2 are called even integers. e.g. 0, £ 2, £ 4,.....
(v) Odd Integers : Integers which are not divisible by 2 are called as odd integers. e.g. £1, £3, .......

(vi)Prime Number : Let 'p’ be a natural number, *p’is said to be prime if it has exactly two distinct
factors, namely 1 and itself. e.g. 2,3,5,7,11,13,17, 19, 23, 29, 31,......
Remark : (a) ‘1’ is neither prime nor composite.
(b) ‘2’ is the only even prime number.

(vii) Composite Number : Let ‘a’ be a natural number, ‘a’ is said to be composite if, it has atleast
three distinct factors.

(viii) Co-prime Numbers : Two natural numbers (not necessarily prime) are coprime, if their H.C.F.
(Highest common factor) is one. e.g. (1, 2), (1, 3), (3, 4), (3, 10), (3, 8), (5, 6), (7, 8) etc.
These numbers are also called as relatively prime numbers.

Remark: (a) Number which are not prime are composite numbers (except 1)
(b) ‘4’ is the smallest composite number.
(c) Two distinct prime numbers are always co-prime but converse need not be true.
(d) Consecutive numbers are always co-prime numbers.

(ix) Twin Prime Numbers : If the difference between two prime numbers is two, then the numbers are
called as twin prime numbers. e.g. {3, 5}, {5, 7}, {11, 13}, {17, 19}, {29, 31}

(x) Rational Numbers : All the numbers those can be represented in the form p/q, where p and q are
integers and q # 0, are called rational numbers and their set is denoted by Q.

P
Thus Q = {a :p,gelandqg=0}. It may be noted that every integer is a rational humbers. If not

integer then either finite or recurring.

(xi)Irrational Numbers : There are real numbers which cannot be expressed in p/q form. These
numbers are called irrational numbers and their set is denoted by Q°or Q". (i.e. complementary set

of Q) e.g. \/E , 1+ \/§ , e, metc. Irrational numbers can not be expressed as recurring decimals.

Remark : e = 2.71 is called Napier’s constant and n = 3.14.
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Ex.1

Surds : If a is not a perfect nth power, then% is called a surd of the nth order.

a
In an expression of the formm , the denominator can be rationalized by multiplying numerator

and the denominator by /b —+/c Which is called the conjugate of \/p ++/c -

Ifx+,y =a +\/B where X, y, a, b are rationals, thenx =aandy = b.

Prove that log, 5 is irrational.

Sol. Letlog, 5is rational.
P .
~ log; 5= a; where p and g are co-prime numbers
= 3P4 = 5= 37 = 59, which is not possible, hence our assumption is wrong and log, 5 is irrational.
12
Ex.2 Simply (make the denominator rational) 34_\/5—_2\/5
| o ) 12(3+\/§+2\/§) _12(3+\/§+2\/§)
Sol. The expression = (3+\/§)2 _(2\/5)2 6+6\/§
2(3+/5 +2J2)(5 —1) _ 2(2+245 + 2410 -2//2)
Ex.3 Find the factor which will rationalize \/5 +§/§
Sol. Letx = 3Y2andy = 5Y3. The L.C.M. of the denominators of the indices 2 and 3 is 6. Hence x® and y® are
rational. Now x® + y¢ = (x + y) (x> - x*y + x3 y? - x?y3 + xy* - y°)
Hence the rationalizing factor required = x> - x*y + x3y2 - x2 y3 + xy* - y> where x = 3%2and y = 53,
Ex.4 Find the square root of 7 + 210
Sol. Let \/7+2\10 =+/x +,/y - Squaring, x +y + 2\/x_y=7+2\/ﬁ
Hence x + y = 7 and xy = 10. These two relation give x = 5, y = 2. Hence /7 + 210 =+/5 ++/2
Remark: \/_ symbol stands for the positive square root only.
Ex.5 Prove that §/o cannot be represented in the formp + \/a , Where p and g are rational (q > 0 and is not
a perfect square).
Sol. Put 3/o =p+\/a.Hence 2=p3+3pqg+ (3p?+q) \/a,
Since q is not a perfect square, it must be 3p? + g = 0, which is impossible.
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(xii) Real Numbers : The complete set of rational and irrational numbers is the set of real numbers and
is denoted by R. Thus R = Q u Q¢°. Real humbers can be represented as points of a line. This line is
called as real line or number line

All the real numbers follow the order property

i.e. if there are two distinct real numbers a < Negative side—>| <— Positive side——>

&

and b then eithera < bora > b. 3 2141 0 1V22 3=x
Remark:

(a) Integers are rational numbers, but converse need not be true.

(b) Negative of anirrational number is an irrational number.
(c) Sum of a rational number and an irrational humber is always an irrational number e.g. 2 + \/E

(d) The product of a non zero rational number & an irrational number will always be an irrational
number.

(e) Ifae Qand b ¢ Q, then ab = rational number, only if a = 0.

(f) Sum, difference, product and quotient of two irrational numbers need not be an irrational number
(it may be a rational number also).

(xiii) Complex Number : A number of the form a + ib is called complex number, where a, be R and
i =,/—1. Complex number is usually denoted by C.

Remark : It may be notedthat NcWcIcQcRcC.

Ex.6 Every numberis one of the forms 5n, 5n+ 1, 5n + 2.

Sol.

For if any number is divided by 5, the remainder is one of the humbers 0, 1,2,5-2,5-1.

Ex.7 Every square nhumber is one of the forms 5n, 5n + 1.

Sol.

The square of every number is one of the forms (5m)?, (5m £ 1)?, (5m % 2)2. If those are divided by 5,
the remainders are 0, 1, 4; and, since4 =5 - 1, the forms are 5n, 5n + 1, and 5n - 1.

Ex.8 Show thatthe number of primesin N is infinite.

Sol.

Suppose the number of primes in N is finite. Let {p,, p,...., p,} be the set of primes in N such that
P, <P, <.... < p,. Considern =1+ p,p,...... p,. Clearly n is not divisible by any one of p,, p,,...., P,-
Hence n itself is a prime and n has a prime divisor other than p,, p,....p,. This contradicts that the set
of primes is {p,, p,....,p,}. Therefore the number of primes in N is infinite.

Ex.9 If x andy are prime numbers which satisfy x> - 2y? = 1, solve for x and y.

Sol.

x2 — 2y?2 = 1 gives x? = 2y? 4+ 1 and hence x must be an odd number. If x = 2n + 1, then x?2 = (2n + 1)?
=4n2+4n+ 1= 2y2+ 1. Therefore y2 = 2n(n + 1). This means that y?is even and hence y is an even
integer. Now, y is also a prime implies that y = 2. This gives x = 3. Thus the only solutionisx =3,y = 2.
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B. DIVISIBILITY TEST:

(i) A number will be divisible by 2 iff the digit at the unit place is divisible by 2.

(i) A number will be divisible by 3 iff the sum of its digits of the number is divisible by 3.
(iii) A number will be divisible by 4 iff last two digits of the number together are divisible by 4.
(iv) A number will be divisible by 5 iff digit at the unit place is either 0 or 5.

(v) A number will be divisible by 6 iff the digit at the unit place of the number is divisible by 2 & sum of
all digits of the number is divisible by 3.

(vi)A number will be divisible by 8 iff the last 3 digits, all together, is divisible by 8.
(vii) Anumber will be divisible by 9 iff sum of all it's digits is divisible by 9.
(viii) A number will be divisible by 10 iff it’s last digit is 0.

(ix)A number will be divisible by 11 iff the difference between the sum of the digits at even places and
sum of the digits at odd places is a multiple of 11.
e.g. 1298, 1221, 123321, 12344321, 1234554321, 123456654321, 795432

Ex.10 Prove that :

(a) the sumab +ba is multiple of 11;
(b) a three-digit number written by one and the same digit is entirely divisible by 37.

Sol. (Q) ab+ba =(10a+b)+ (10b +a) = 11(a + b);

(b) 233 = 100a + 10a + a = 111a = 37.3a.

Ex.11 Prove that the difference 10?° - 7 is divisible by 3.

Sol. Write the given difference in the form 10% -7 = (10%° - 1) - 6. The number 10> -1 = 35%'_/@2 is divisible

by 3(and 9). Since the numbers (10%° - 1) and 6 are divisible by 3, the number 1025 - 7, being their
difference, is also divisible by 3 without a remainder.

Ex.12 If the number A3640548981270644B isdivisible by 99 then the ordered pair of digits
(A, B)is

Sol. S,=A+37; S,=B+34 = A-B+3=0orllandA+ B+ 71isa multiple of 9
= A—-B=-30or8 and A+B=10or10 Ans.: (9,1)

Ex.13 Consider a number N =2 1P 5 3 Q 4. Find the number of ordered pairs (P, Q) so that the number ‘N is
divisible by 44, is
Sol. S,=P+9,5,=Q+6= S,-S5.=P-Q+3
‘N’ is divisibleis 11if P-Q+3 =0, 11
P-Q=-3 ... (i) or P-Q=8 ... (i)
N is divisible by 4 if Q=0 246,38
From Equation (i)

Q=0 P = -3 (not possible) Q = 2P = -1 (not possible)
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Q=4 P=1 Q=6P=3 Q=8P=5
number of ordered pairsis 3
From equation (ii)
Q=0 P=8 Q = 2P =10 (not possible) similarly Q # 4, 6, 8
No. of ordered pairsis 1
total number of ordered pairs, so that number ‘N’ is divisible by 44, is 4

Ex.14 Prove that the square of any prime number p > 5, when divided by 12, gives 1 as remainder.
Sol. When divided by 6, a natural number can give as a remainder only the numbers 0, 1, 2, 3, 4 and 5.
Therefore, any natural number has one of the following forms :
6k, 6k + 1, 6k + 2, 6k + 3, 6k + 4, 6k + 5.
it is obvious that the numbers 6k, 6k + 2, 6k + 3, and 6k + 4 are composite. Therefore, the prime
number p > 5 has the form 6k + 1 or 6k + 5.
Ifp=6k + 1, then p? = (6k + 1)2=36k?+ 12k + 1.
If p= 6k + 5, then p? = (6k + 5)? = 36k? + 60k + 25 = 12(3k?> + 5k + 2) + 1.
Thus, in both cases, when dividing p? by 12, the remainder is equal to 1.
Ex.15 Prove that for every positive integer n, 1" + 8" - 3" - 6" is divisible by 10.
Sol. Since 10 is the product of two primes 2 and 5, it will suffice to show that the given expression is
divisible both by 2 and 5. To do so, we shall use the simple fact that if aand b be any positive integers,
then a" - b"is always divisible by a -b.
Writing A=1"+ 8" - 3" - 6", = (8" - 3") - (6" - 1),
we find that 8" - 3" and 6" — 1" are both divisible by 5, and consequently A is divisible by 5 (=8 -3 =
6 — 1). Again, writing A = (8" - 6") - (3" - 1"), we find that A is divisible by 2(= 8 - 6 = 3 - 1). Hence
Ais divisible by 10.
C. (1) LCM AND HCF
(i) HCF is highest common factor between any two or more numbers (or algebraic expression) when
only take numbers Its called highest common divisor.
(ii) LCM is least common multiple between any two or more numbers (or algebraic expression)
(iii) Multiplication of LCM and HCF of two numbers is equal to multiplication of two numbers.
. ap ) LCMof (a,p, ¢)
(V)LCM of {1 " | = HCFof (b, g m)
ap ¢ HCF of (a,p, )
(v) HCF of (b’ q’m] = LCMof (b, g, m)
(vi)LCM of rational and irrational number is not defined.
(2) Remainder Theorem : Let P(x) be any polynomial of degree greater than or equal to one and *a’
be any real number. If P(x)is divided (x — a), then the remainder is equal to P(a).
(3) Factor Theorem : Let P(x) be polynomial of degree greater than of equal to 1 and ‘a’ be a real
number such that P(a) = 0, then (x — a) is a factor of P(x). Conversely, if (x — a) is a factor of P(x),
then P(a) = 0.
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(4) Some Important Identities :
(i)(a+b)>’=a?+2ab+b?2=(a-b)>+4ab
(ii) (a-b)?=a?-2ab+b?=(a+ b)’-4ab
(ifi)a2-b2=(a+b)(a-b)
(iv) (a+b)*=a3+b3+3ab(a+Db)
(v) (a-b)*=a3-b3>-3ab(a-b)
(vi)al+b3>=(a+b)*-3ab(a+b)=(a+b)(a?2+b?>-ab)
(vii)a®’-b3=(a-b)>*+ 3ab(a-b) =(a-b)(a?+ b%2+ ab)

1 1 1
(viii) (@ +b +c)2=a2+ b2+ c2+ 2ab + 2bc + 2ca = a2 + b2 + ¢ + 2abc (EJFBJFE]

(ix)a2+b2+c2—ab—bc—ca=% [(@a-b)>+ (b-c)>+ (c-a)?]

(x)al+b3+c2-3abc=(a+b+c)(a2+b?>+c>-ab-bc--ca)

=% (a+b+c)[(@a-b)2+ (b-c)+ (c-a)]

Ifa+b+c=0thena+ b3+ ¢3=3abc
(xi) a*-b*=(a+b)(a-b)(a2+b?)
(xif)a*+a?2+1=(a2+1)-a2=(1+a+a?)(1-a+a?

1 1 1
Remark: (1) ab + bc + ca = abc (5+E+Ej

(2)a2+b2+c2—ab—bc—ca=%[(a—b)2+(b—c)2+(c—a)2]

(5) Definition Of Indices : If ‘a’ any none zero real orimaginary number and m is positive integer than
a™ = a.a.a. .........a (mtimes) where‘a’ is base ‘m’is indices
Law of Indices :

1

(i) a*=1, (a=0) (i) ar= 7, (a#0)

(iii) am+*n=a™. a", where m and n real numbers

m
. a
iv) am-"= —, where m and n real numbers, a=0
n
a
(v) (am)"=am (vi) ara = JaP

Ex.16 Find p and g so that (x + 2) and (x - 1) may be factors of the polynomial f(x) = x> + 10x? + px + q.
Sol. Since (x + 2) is a factor f(-2) mustbe zero . -8+40-2p+qg=0 ..(1)

Since (x - 1) is a factor, f(1) mustbe zero .. 1+10+p+qg=0 ..(2)

From (1) and (2), by solvingwe getp=7andq = -18
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Ex.17

Sol.

Ex.18

Sol.

Ex.19
Sol.

Ex.20

Sol.

Ex.21

Sol.

Ex.22
Sol.

Show that (2x + 1) is a factor of the expression f(x) = 32x> - 16x* + 8x3 + 4x + 5.

.1
Since (2x + 1) is to be a factor of f(x), f[_ Ej should be zero.

1 1 1 1° 1 .
fl-—|=32|——| —-16|—-—| +8/——| +4|—-—|+5. Hence (2x + 1) is a factor of f(x).
2 2 2 2 2

Without using the Remainder theorem, find the remainder when

f(x) = x5 - 19x° + 69x* - 151x3 + 229x% + 166X + 26is divided by x - 15.

f(x) can be written as

(X8 = 15x5%) = 4(x°> = 15x*) + 9(x* — 15x3) = 16(x3 — 15x?) -11(x%2 - 15x) + (x - 15) + 41

or as f(x) = x> (x = 15) = 4x*%(x = 15) + 9x3(x - 15) - 16x?(x —= 15) - 11x(x - 15) + (x - 15) +41
Since the first six terms have x — 15 as a factor, remainder = 41.

Without actual division prove that 2x* - 6x3 + 3x2? + 3x - 2 is exactly divisible by x? - 3x + 2.
Let f(x) = 2x* - 6x3 + 3x2 + 3x — 2 and g(x) = x? - 3x + 2 be the given polynomials.
Theng(x) =x2-3x+2=(x-1) (x-2)

In order to prove that f(x) is exactly divisible by g(x), it is sufficient to prove that x - 1 and x - 2 are
factors of f(x). For this it is sufficient to prove that f(1) = 0 and f(2) = 0.

Now, f(x) = 2x* - 6x3 4+ 3x2+ 3x -2

= f(1)=2x14-6x13+3x124+3x1-2and, f(2) =2 %x22-6x23%x22+3x2-2
=> f(1)=2-6+3+3-2andf(2)=32-48+12+6-2

= f(1)=8-8andf(2)=50-50 = f(1)=0andf(2)=0

= (x-1)and (x - 2) are factors of f(x) = g(x) = (x-1) (x - 2) is a factors of f(x).
Hence, f(x) is exactly divisible by g(x).

Using factor theorem, show that a - b, b - c and c - a are the factors of
a(b? - c?) + b(c? - a?) + c (az - b?).
By factor theorem, a — b will be a factor of the given expression if it vanishes by substitutinga = b iniit.
substituting a = b in the given expression, we have a(b? - c?) + b(c? - a2) + c(a? - b?)
=b (b?-c?) + b(c2-b?)+c(b?-b?) =b3-bc?+bc2-b3+c(b2-b?)=0
(a = b) is a factor of a(b? - ¢?) + b (¢c? - a2) + c(a? - b?).
Similarly, we can show that (b - ¢) and (c - a) are also factors of the given expression.
Hence, (a - b), (b - ¢) and (c - a) are factors of the given expression.

Show that x - 2y is a factor or 3x3 - 2x?2 y — 13xy? + 10y3.

Let f(x) = 3x3 - 2x%y — 13xy? + 10y?3

Then f(2y) = 3(2y)3 - 2y(2y)? - 13y? (2y) + 10y3 = 24y3 - 8y3 - 26y +10y3 =0
Hence x - 2y is a factor of f(x).

Show that a" — b is divisible by a - b if n is any positive integer odd or even.
Let a" - b" = f(a). By Remainder theorem, f(b) = b~ - b" = 0 (replacing a by b)
a - b is a factor of a~ - b".
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Ex.23
Sol.

Ex.24
Sol.

Ex.25
Sol.

Ex.26
Sol.

Ex.27

Sol.

Ex.28

Show that a" — b is divisible by (a + b) when n is an even positive integer. but not if n is odd.
Let a"- b" = f(a). Now f(-b) = (-b)"-b"=b"-b" = 0if nis even and hence a + b is a factor of a” - b"
If nis odd, f(-b) = -b" - b" = - 2b" # 0.

Ifa+ b+ c=0, prove that a*+ b*+ct=2(b>c?+c?a?+ a2b?) =1/2(a?+ b2+ c2)?
Squaring both sides of the relation (a2 + b2 + ¢?)2 = [-2(bc + ca + ab)]?

=4{b?c?+ c?a?>+ a?b?+ 2 {bc. ca + ca. ab + ab. bc},

=4(b>c?+ c?a?2+ a’*b?) +8abc(a+b +c) =4(b>c?+ c?a?+ a?b?),sincea+b +c=0.
Therefore, 2(b%c? + c? a? + a%b?) =1/2 (a? + b% + c?)2.

Also (a2 + b? + c?2)? = (a* + b* +c*) + 2(b?c? + ¢? a2 + a%b?),

so that 4(b%c? + c? a? + a%b?) = (a* + b* +c*) + 2(b?c? + ¢? a2 + a%b?)

whence a* + b* +¢* = 2(b%c? + ¢ a2 + a%b?).

Factor the following expression (x +y + z)3 - x3 - y3 - z3,

Wehave (x +y+2z)3=x34+y3+ 23+ 3x2(y+2) + (3y2 (X + z) + 322 (X + y) + 6xyz.

Hence (X +y + z)3 - x3 - y3 =23 = 3 {X?y + X%z + y>x + y?z + 22X + 7%y + 2xyz}
=3{z(X®+y>’+2xy)+22(Xx+y)+xy(x+y)}=3x+y){z(x+y)+z2+xy}
=3(x+vy)(xX+2z)(y+2).

Thus, (X +y +2z2)3-x3-y3-22=3(x+vy)(x+2)(y+2).

Prove thatifa + b + ¢ = 0, then (a2 + b2 + c?)? = 2(a* + b* + c*).
Wehave (a+b+¢c)?=0= a?+b?+c?=-2(ab + ac + bc).
Squaring both members of the latter equality, we get

(@? + b2 + ¢?)? = 4[a%b? + a2c? + b?c? + 2a%bc + 2b2ac + 2c?ab]

= 4[a’b? + a2c? + b>c? + 2abc (a+ b + ¢) ] = 4[a%b? + a%c?2 + b%c?] ...l (1)
On the other hand,

(@2 + b% + c?)? = (a* + b* + ¢*) + 2 (a?b? + a%c? + b3c?).

4(a’b? + a2c? + b%c?) + 2(a*+ b*+ ¢c*) = 2(@2+ b2 +c®»)2 (2)
by (1) and (2) we get the required result = (a2 + b2+ c?)? = 2(a* + b* + c*)

1 1 1 1 1 1

1
i —F—t—=— —4+—+—=—————inni .
Show that from the equality 2t e atore follows 2 b o @b 1o innisodd

Reducing the original equality to a common denominator and cancelling it out,
we get (after some transformations) (a+b)(a+c)(b+c¢c)=0 ...(1)
But the second equality (which is to be proved) can also be reduced to the form
(@"+ b") (a"+c") (b"+ c") = 0. ...(2)
It is quite obvious, that with an odd n equality (2) follows from (1), since if, for instance, a + b = 0,
thena=-banda"+b"=a"+ (-a)"=a"-a"= 0.

Prove that 1+ b, + b,b, + ..... + b,b

b+
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P
Sol. Let us denote the continued fraction on the right by Q_n We have to prove that
n
Pn
Q_n=1+b2+b2b3+....+b2b3 ...... b,
P _1P b,
We have Q, 1’Q2 "
Therefore we may takeP, =1,Q, =1,P,=b, + 1, Q, = 1. Then, using the method of induction, it is
easy to prove thatP, =1+ b, + b,b, +...... + b,b,...... b, Q, =1,
and, consequently, out equality is also true.
—ab -b - 1 1 1
Ex.29 Solve the equation, A X X a4+ b+c What happens if + + =0
a+b b+c l1+a a+b b+c c+a
Sol. (x—ab_cj_'_(x—bc_a)_’_(x—ca_ )=
a+b b+c c+a
1 1
= (x—-(ab + bc + ca)) + + =0=Xx=ab + bc + ca.
a+b b+c c+a
1 1 1 . . . . .
If + + = 0 = the given equation becomes an identity & is true for all x e R
a+b b+c c+a
D. (1) rRATIO
(i) If Aand B be two quantities of the same kind, then their ratio is A : B; which may be denoted by
A : :
the fract|on§ (This may be an integer or fraction)
. . . a ma n
(ii) A ratio may represented in a number of ways e.g.E T n_b = wherem, n,...... are non-
zero numbers.
(iii) To compare two or more ratio, reduce them to common denominator.
(iv)Ratio between two ratios may be represented as the ratio of two integers
e 2.z 'ﬂ _a orad : bc
%b "d ‘c/d " b
. N . a c e ace
(v) Ratios are compounded by multiplying them togetheri.e. B . a SRR = ﬁ .......
(vi)If a : b is any ratio then its duplicate ratio is a2 : b?; triplicate ratio is a3 : b3..... etc.
(vii) If a : b is any ratio, then its sub-duplicate ratio is a¥? : b'/?2; sub-triplicate ratio is
a3 : b3 etc.
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(2) PROPORTION
When two ratios are equal, then the four quantities compositing them are said to be proportional.

c
IfB =a,thenitiswrittenasa:b=c:dora:b: :c:d

(i) ‘a’and‘d’ are known as extremes and ‘b and c’ are known as means.

(ii) An important property of proportion Product of extremes = product of means.
(ili)Ifa:b=c:d,then b:a=d:c(Invertando)

(iv)Ifa:b=c:d, then a:c=b:d(Alternando)

a+b c+d
(v) Ifa:b=c:d, then TZT (Componendo)
. a-b ¢c-d .
(vi)Ifa: b =c:d, then T:T (Dividendo)
. a+b c+d o
(vii) Ifa: b =c: d, then E=m (Componendo and dividendo)
_e_ a+c+e+... ~ Sum of the numerators
(viii) Ifb d £ then each b+d+f+... ~ Sum of the denominators
e Xa+yc+ze+......
(Ix)Ifb d =7¢ = theneach = xb +yd+zf +......
1/
If _e_ H H xa" +yc" + ze" "
() b d f T then each = xb" +yd" + zf"

X+y Yy+z z+X

Ex.30 If 5 = 3 = 1 ,thenfindx 1y : z.
Sum of the numerators 20X+y+2) X+y+z
Sol. Each= : = =
Sum of the denominators 9 9/2
and therefore each = (x+y+z)—(y+z)=(x+y+z)—(x+z)=(x+y+z)—(x+y)
CI I 9,
2 2 2
XY 2 a3t
T3/2 1/2 B2 T XIYIET SIS

yz_zz 22 _ 42

a-b b-c c-a
Ex.31 Ifa(y + z) = b(z + x) = c(x + y), then show that X2 y
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y+Z Z+X _ X+Yy

Sol. Given condition can be written as a  1b _ 1/c (1)
_(Z+x)-(y+2z) _ (x+y)-(X+2) (y+2z)-(X+y) X-y y-z Z-X
Each = 11 = 11 = 11 _a—b_b—c_c—a_k""(z)
b a c b a ¢ ab bc ca
Form (1) and (2), we get by multiplying
xX2—y? yP-z% Z2-x® xP-y? yP-7z% 722X a-b b-c c-a
= = = = - = =
a-b  b-c c-a a-b  b-c c-a x®-y? y2-z2 Z2-x®
abc abc abc
Ex.32 If _y2a+3b+y2a_3b how that 3bx? - 4ax + 3b = 0
X. X _J2a+3b—J2a—3b , SNOW tha X ax = 0.
X x+1 +2a+3b
Sol. Taking the left hand side as—, using componendo and dividendo, =
1 x-1 2a-3b
ng, X1 28480 ain applyi do and dividendo 1~ 22 \uhich gives th
Squaring, (x—1?2  2a-3b and again applying componendo and dividendo o 3p which gives the
answer on cross multiplication.
2y +2z2—-X 2Z+2X-y 2X+2y-Z 9x _ 9y _ 9z
Ex.33 If a B b B  then show that = = = 2c+2a—b 2a+2b—oc
. 2y+2z—-X 2z+4+2X-y 2X+2y-z .
Sol. Since = b = , each is equal to
2(2z+2x—-y)+2(2x+2y —z)—(2y + 2z — X) )
by a theorem quoted earlier
2b+2c-a
%X imolificati
= b+ 2c_a on simplification.
Similarl h = 9 d 9z dh th It
imilarly, eac =5 +2a-b an 5+ 2b_0C and hence the result.
Ex.34 Sol N2+ X +42-X )
. olve :————F— =
x v V2+X —42-X
- 2 . o
Sol. Writing the R.H.S. asT and using componendo and dividendo,
(W2 +x+42-x)+(2+x —v2-x) 2+1 . N2+x 3
(V2+x +42-x) - (J2+x —v2-x) 2-1 e) ™7
S ing, 21X d i lyi d d dividend 4 _10 dh 8
ring, —— = an in in mponen nd dividendo —=— an ncex = —
qua g,2_x 1a again applying componendo a e 02x 8a ence 5
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E. CROSS MULTIPLICATION RULE
If two equations containing three unknown area,x + b,y + ¢,;z=0...(i) a,x + b,y + ¢,z=0....(ii)
- X - y - z
Then by the rule of cross multiplication bCy —byCr  Ciap—asCy Ay —agby (D)
In order to write down the denominators of x, y and z in (3) apply the following rule, “write down the
coefficients of x, y and z in order beginning with the coefficients of y and repeat them as in the
diagram”.
b1 v G v a A4 b1
b,~~ c,”” a,”” b,
Multiply the coefficients across in the way indicated by the arrows; remembering that informing the
products any one obtained by descending is positive and any one obtained by ascending is negative.
2x+3y-8=0 S
Ex.35 SoIveSX _4y+5=0 by rule of cross multiplication.
Sol. Note : (i) Write all the terms of L.H.S. with R.H.S = 0 (ii) Negative sign is part of the coefficient.
3 (-8 2 3 X B y B 1
-4 5 3 (4 (3)(5)-(-4)(-8) (-8)(3)-(5)(2) 2(-4)-(3)(3)
i S N N S =1,y=2
(|.e.)_17 " 34 _17or1 5 and hencex =1,y = 2.
Ex.36 Solve:2x -3y +4z=0;7x+2y-6z2=0;4x+ 3y +z =37
Sol. From the first two equations we have
(=3 4 2 -3 x_y_z xy z_,
2 (-6) 7 2 10 40 2502 8 5 K
Then x = 2k, y = 8k, z = 5k
Substituting these values of x, y, z in the third equation, k (8 + 24 +5) =37 = k=1
Hencex=2,y=8,z=5
F. INTERVALS
Intervals are subsets of R and generally its used to find domain or inequality. If a and b are two real
numbers such that a < b then we can defined for types of intervals
Open Interval (a, b) {X:a < x<b}i.e. extreme points are not includes
Closed Interval [a, b] {x:a<x<b}i.e. extreme points are includes
It can possible when a and b are finite
Semi-Open Interval (a, b] {x:a<x<b}i.e.aisnotinclude and b is include
Semi-Closed Interval [a, b) {x:a<x<b}i.e.aisinclude and b is not include
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G.

LOGARITHM OF ANUMBER

The logarithm of the number N to the base ‘a’ is the exponent indicating the power to which the base
‘a’ must be raised to obtain the number N.
This number is designated as log_N.
Hence logN=x < a=N,a>0, az1 &N>0
If a= 10, then we write log b rather than (og, b
a = e, we write /n b rather than /og_b

The existence and uniqueness of the number fog,N follows from the properties of an exponential
functions.
From the definition of the logarithm of the number N to the base ‘a’, we have an identity :

a%"=N,a>0, a#z1& N>0
This is known as the FUNDAMENTAL LOGARITHMIC IDENTITY.
Remark : /og,1=0 (@a>0,a=1)
foga =1 (@a>0, ax1)
log,,a=-1 (a>0,a=1)

Remember: /og,, 2 = 0.3010, fog,,3 =0.4771, fn2=0.693, (n10=2.303

The principal properties of logarithms :
Let M & N are arbitrary positive numbers,a> 0, a=1,b >0, b # 1 and ais any real number then ;

(i) log,(M.N) = fog,M + fog N (ii) fog,(M/N) = fog,M - fog N  (iii) fog,M* = a. fog M

. 1 ‘ogsM
(iv) (og_sM :E ltog, M (v) log M = rog,b (base change theorem)
Remark : /og,a.log,b =1 < log,a = 70g, b fog,a. fogb. fog.c =1

(og x. (0g,y. f0og,z = (0g X. eh? = g~

Logarithmic equations : /og, x = fog,_ y possible iff x = y i.e. fog,x = log,y &Xx =Y
Always check the validity of the given equationi.e.x>0,y>0,a>0,a=1

Common and natural logarithm : /og, N is referred as a common logarithm and /og N is called as
natural logarithm of N to the base Napierian and is popularly written as /n N. Note that e is an irrational
quantity lying between 2.7 to 2.8 Note that e™x = x.

Characteristic & Mantissa : The common logarithm of a number consists of two parts, integral and
fractional, of which the integral part may be zero or an integer (+ve or —ve) and the fractional part a
decimal, less than one and always positive.

The integral part is called the characteristic and the decimal part is called the mantissa. It should be
noted that, if the characteristic of the logarithm of N is p then number of significant digitinN=p + 1
if p is the non negative characteristic of log N. Number of zeros after decimal before a significant figure
startisp-1
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Ex.37

Sol.

Properties of monotonocity of logarithm :

(i) Fora > 1theinequality 0 < x <y &/og_x < fog,y are equivalent

(ii) For 0 < a <1 theinequality 0 < x <y & fog_x > fog,y are equivalent
(iif) Ifa > 1 then fog x < p = 0<x<ar

(iv)Ifa > 1 then fogx > p = X>aP

(v) IfO<a<1lthenflogx<p = x>aP
(vi)If0 <a< 1then/logx>p = O<x<ar

Note that :

(a) If the number & the base are on one side of the unity, then the logarithm is positive; If the number
and the base are on different sides of unity, then the logarithm is negative.

(b) The base of the logarithm ‘a’ must not equal unity otherwise numbers not equal to unity will not
have a logarithm & any number will be the logarithm of unity.

(c) For a non negative number'a’&n>2, neN 4a=a'"

Using in succession the laws of logarithms and exponents we compute the radicand:

logs 13

1 _2|°959 1 1| 13 1 | ~
5] ™" =g =g e < 3 g

whence it is clear that the given number is equal to 3-3/2- 13316,

3

a
Ex.38 Compute Iogabﬁ iflog,, a=4.

Sol.

Ex.39 Compute the value of

Sol.

_ Ya _1 1 4 1
By the laws of logarithms we have Iogabﬁ =3 log,, a 5 log,, b= 37 % log,,b
It remains to find the quantity log,, b. Since 1=log,,ab=log, a +log, b=4+log, b
Ya _4 17

It follows that log,, b = -3 and so Iogabﬁ =37 5" (-3) = 5

1 1
+ .
log,36  log,36

1
log, 36 * log, 36

1
=log,,2 + 10g,,3 = 10g,,6 = 2

Ex.40 If log, ,(2x - 3) is a meaningful quantity then find the interval in which x must lie.

Sol.

Xx-3>0,x-3#1 and 2x-3>0 = x>3, X#4 and x> 3/2 = (3,4) U (4, =)

Ex.41 For x =0, what is the smallest possible value of the expression log(x3 - 4x? + x + 26) - log(x + 2) ?

. (x> —4x% +x +26) o (x2 =6x2 +13)(x +2)

Sol. log g =log (x2-6x +13) [ X#-2
(x+2) (x+2) 9 )1 ]
=log{(x-3)2+4} .. Minimum value islog 4 when x = 3
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2 a’b’
Ex.42 Givenlog,a = s, log,b = s?and logCZ 8 = m . Write log,—,— as afunctionof 's' (a, b, c > 0, c#1).
c

3

s”+1
Sol. Givenlog,a=s (1) log,b = 252 ...(2) logyc? = > ...(3)
2loge  $3 4]
= — = 3
= 3log2 > = 4log,c=3(s*+1) e (4)
to find 2log,a + 5log,b - 4 log,c = 25+ 10s2-3(s*+ 1)

2
1
Ex.43 If 1og25 = a and log 225 = b, then find the value of log[[éj J + 10g[ﬁ) in terms of a and b (base

of the log is 10 everywhere).
Sol. log25=a; log225=b
2log5=a;10g(25-9)=b or log25+2log3=b = 2log3=b-a (1)

2
1 1
nowlog (5) + log (—ZZSOJ =-2log 9 -1log 2250 -4 log 3 - [log 225 + log 10]

=-2(b-a)-[b+1]
Ex.44 Compute log, 16iflog,, 27 = a

-2b+2a-b-1=2a-3b-1

4 4
Sol. The chain of transformations log, 16 = 4 log, 2 = log, 6 = 1+log, 3
2 2

shows us that we have to know log, 3 in order to find log, 16. We find it from the condition log,, 27=a:

- 27 =3 3= 3 3 B 3 _ 3log,3
8=109,,27= 2100155 159512~ 1+ 2logs 2 1. 2 2+log, 3
log, 3
) 2a ) _ 4(3-a)
which means that log,3 = ﬁ (note that, obviously, a # 3). We finally have log, 16 = W .
Ex.45 If log, 15 = aoand log,, 18 = - then compute the value of log,, 24 in terms of o & .
1+log,5 2 +log,2
Sol. o= £ ;B = £
1+ log,2 1+ 2log,2
Letlog, 2 =xandlog, 5=y
1+y=a(l+x) ... (1) 2+x=p(2x+ 1) ....... (2)
2 - 1+p-2p-1
From (2) x = B . (3)  Putting this value of x in (1)y=a( b-@B-b (4)
2B-1 2B-1
3x +1 . 5-B
Now log,, 24 =————. Substitute the value of x and y to get log,, 24 =
2y 200 +20B - 4B +2
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Ex.46

7
Suppose that a and b are positive real numbers such that log,,a + log,b = 5 and

2
log,.b + log,a = 3 Find the value of the ab.

7 1 1 7 2 1 1 2
Sol. log,.a+log,b = 5 = glog3a + 5 log,b = 5 log,,b + logga = 3= glog3b + Elog3a =3
dding th ti ! I b ! I b 7,25
adding the equation —log,(ab) + <~ log,(ab)= = + = = —
ing qU|393()293()236
5 25 .
g log,(ab) = ? = log,(ab) =5 = ab=3>=243
Ex.47 Let x = (0.15)%°. Find the characteristic and mantissa in the logarithm of x, to the base 10. Assume
log,,2 = 0.301 and log, ;3 = 0.477.
Sol. logx =10g(0.15)?° =20 log 100
= 20[log 15 - 2] = 20[log 3 + log 5 - 2] =20[log3+1-log?2-2]
=20[-1+log3-log2] =20[-1+0.477-0.301] =-20x0.824=-16.48= 17.52
hence characteristic = - 17 and mantissa = 0.52
Ex.48 Find the number of positive integers which have the characteristic 3, when the base of the logarithm is 7
Sol. log,N = x (where 3 <x < 4) = 7P<N<74 = number of integers are 2058
Ex.49 How many digits are contained in the number 27> ?
Sol. Computing log 275, we have log 27> = 75. log 2 = 75. (0.3010) = 22.5750.
Consequently, the characteristic of this common logarithm is equal to 22. Therefore, 27° = a. 10??,
where 1 <a < 10, ais an integer, and, hence the number 27> has 23 digits.
Ex.50 If log2(log2 (log, x)) = log2(log3 (log, y)) = 0 then find the value of (x + ).
Sol. log2(10g2 (log, x)) =0 = log,(log,x) =1 = logx=2 = x=9
[y log2(10g3(10g2 y)) =0 = logy(log,y)=1 = logyy=3 = y=8
X+y=17
H. ABSOLUTE VALUE FUNCTION / MODULUS FUNCTION :
A function y = |x| is called the absolute value function or y
J/\ A
, , , x if x>0 S\ Y
Modulus function. It is defined as : y = |x|= _ —x
-x if x<0 0 >
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[ Exercise -1 ] SINGLE CORRECT (OBJECTIVE QUESTIONS) ]

1. If A & B are two rational numbers and AB, A + B
and A - B are rational numbers, then A/B is

(A) always rational (B) never rational

(C) rational when B=0 (D) rational when A= 0
Sol.

2. Every irrational number can be expressed on the
number line. This statement is

(A) always true (B) never true

(C) true subject to some condition

(D) None of these

Sol.

3. The multiplication of a rational humber *x’ and an
irrational number'y’is
(A) always rational
(C) always irrational
Sol.

(B) rational except wheny =17
(D) irrational except when x =0

4, If X, y are rational numbers such that

(xX+y)+(x-2y) /2 =2x-y+ (x-y-1) /g then
(A)x=1,y=1 B)yx=2,y=1 (C)x=5,y=1
(D) x & y can take infinitely many values

Sol.

5. The number of real roots of the equation
-2+ (x=2)2+(x-3)=0is

(A)O (B)1 ()2 (D)3

Sol.

6. If a, b, c are real, then
a(a-b)+b(b-c)+c(c-a)=0,onlyif
(A)a+b+c=0 (B)a=b=c
(a=borb=corc=a (D)a-b-c=0
Sol.

7. If a, b, c are real and distinct humbers, then the

(a-b)®+(b-c)®+(c-a)®

value of (@a-b)(b-c)(c—-a) is
(A) 1 (B)abc (C) 2 (D) 3
Sol.

8.If x - ais a factor of x> - a’x + x + 2, then'a’is
equal to
(A) O
Sol.

(B) 2 (©)-2 (D)1
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9. The polynomials P(x) = kx3 + 3x? - 3 and

Q(x) = 2x3 - 5x + k, when divided by (x - 4) leave the
same remainder. The value of k is
(A) 2 (B) 1 (C) 0
Sol.

(D) -1

10.If 2x3 - 5x%2 + x + 2 = (x- 2) (ax? - bx - 1), then
a &b are respectively

(A) 2,1 (B)2, -1 1,2 (D) -1,1/2
Sol.

11. Solutionof |[4x + 3| + |3x - 4| =12is

oy 13 oy 52

Gy 1118 oy 37
©x=-=7 B)x=-23

Sol.

12. The number of real roots of the equation
[x]2-3|x] +2=0is
(A)1 (B) 2

Sol.

(C)3 (D) 4

1 1 1
+ +
13. log 4, abc  log . abc  log ; abc has the value
equal to
(A2 (B)1 (C)2 (D) 4
Sol.

14. Greatest integer less than or equal to the number
log, 15 . log, 62 . log; 1/6 is
(A) 4 (B) 3 ()2
Sol.

(D) 1

15. If log, log, (v2 ++/8) = % . Then the value of 1000 x
is equal to
(A)8

Sol.

(B) 1/8 (C)1/125 (D) 125

2|0921/4 a 3logz7(a2+1)3 _2a

16. The ratio simplifies to

74Iog49a —a-1
(B)a’+a-1

(D)a’?+a+1

(A az—a—l
(C)a?-a+1
Sol.
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1 1 1
+ +
1+log,a+log,c 1+log,a+log.b 1+log,b+log,c
has the value equal to

17.

1
(A) abc  (B) abe (G)o (D)1

Sol.

18. If 32°%% _ 2 x - 3 = 0, then the number of values
of ‘X’ satisfying the equation is
(A)zero (B)1 (C)2
Sol.

(D) more than 2

19. Number of real solution of the equation

J10g10(—x) =logy, VX2 is
(A) none (B)exactly 1 (C)exactly 2 (D)4
Sol.

20. Number of real solution (x) of the equation
|x-3 |3x2—10x+3 =1is

(B) exactly three
(D) exactly one

(A) exactly four
(C) exactly two
Sol.

21. The number log,7 is

(A) an integer (B) a rational number
(C) anirrational number (D) a prime number
Sol.

22, Anti logarithm of 0.75 to the base 16 has the
value equal to
(A) 4 (B) 6
Sol.

(C) 8 (D) 12
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[ Exercise — 11 [ MULTIPLE CORRECT (OBJECTIVE QUESTIONS)]

<

1. If x & y are real numbers and ; = X, then 'y’
cannot take the value(s)
(A) -1 (B)O (C)1 (D) 2
Sol.
log;135  log; 5 _
2. LletN = 109,53 10G405 3 ° Then N is

(A) a natural number
(C) arational number
Sol.

(B) a prime number
(D) an integer

3. The solution set of the system of equations

2
log;x + log;y = 2 + log;2 and log,,(x + y) = 5 is

(A) (6, 3) (B)(3,6)
Sol.

(C)(6,12) (D)(12,6)

4. The equation l0g . 16 + log,, 64 = 3 has

(A) one irrational solution
(C) two real solutions
Sol.

(B) no prime solution
(D) one integral solution

2 9
(logs x)°—=logs x+5
5. The equation X[ 2 } =343 has

(A) exactly three real solution

(B) at least one real solution

(C) exactly one irrational solution (D) complex roots
Sol.
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[ Exercise -1 |

SUBJECTIVE QUESTIONS ]

1. Prove that difference of squares of two distinct
odd natural numbers is always a multiple of 8.
Sol.

2. Remove the irrationality in the denominator

V2 -1

® x/§+1

Sol.

1
W 3 o+ V5
Sol.

3. Resolve the following into factors.
(i) (x-y)» -y’
Sol.

1
(ii)a3—?+4

Sol.

(i) x>-6x>+11x-6
Sol.

(iv) x> -9x-10
Sol.

(v)a2(b-c)+b%(c-a)+c*(a-b)
Sol.

4. Factorize
(i) 1+x*+x8

Sol.
(ix*+4
Sol.
a c e . 2a*0? +3a%c? — 5t
5. If B—E—?,then find the value of 206 1 32 515

in terms of a and b.
Sol.

6. What can be said about the number, a,, a,,.., a,
ifitis known that, |a,| + |a,| + |a5] + ... + |a,| = 0.
Sol.

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-hr. motioniitjee @gmail.com

IIT-JEE|AIEEE
OLYMPIADS
SAT | NTSE

MoTio

Nurturing potential through education




[ Basic Mathematics & Logarithm |

7. Solve the following linear equations
M |x|+2=3
Sol.

(ii) [ x| -2x+5=0
Sol.

(ifi) x| x| =4
Sol.

(iv) [ x|?-|x|+4=2x>-3|x|+1
Sol.

(v) Ix=-3|+2|x+1] =4
Sol.

8. Calculate 795 31957 _glogs7 _ 710053
Sol.

9. If 4% + 98 = 10, where A = log,4, B =10g; 9 &
C = log, 83, then find x.
Sol.

10. If log, a. log. a + log, b. log. b + log, c. log, c= 3
(where a, b, c are different positive real number = 1),
then find the value of a b c.

Sol.

11.Ifa =log,, 18 & b = log,, 54, then find the value
of ab + 5(a - b).

Sol.
loga logb logc b

12. If = = , show that a% b® c = 1.
b-c c-a a-b

Sol.

13. Which is greater
(a) log,3 orlog,,, 5
Sol.

(b) log,11 or logg 5

Sol.
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(Q. 14to Q. 22) Solveforx:
14.log, (x> - 12x + 36) = 2
Sol.

15. log, log; log, x = 0
Sol.

1 ox
16. log, |099X+§+9 = 2x

Sol.

17. 2log, (4 - x) =4 - log, (-2 - x).
Sol.

18. log?, X + log;y x* = log?, 2 -1

log x+5

= 105+Iogx
X 3

19.
Sol.

5
20. log® x + |°95x(;j =1

Sol.

21. log, (log, x) + log, (log,x) = 2
Sol.

22, 5%, ¥gx! =500

Sol.
Sol.
394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564 M 0 T? ON:
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-hr.motioniitjee @gmail.com Nurturing potential through & ducation




[ Basic Mathematics & Logarithm |

23. If log,, 2 = 0.3010 and log,, 3 = 0.4771, then find
(a) the number of integers in 61>
Sol.

(b) the number of zeros immediately after the decimal
in 3—100
Sol.

24. Solve the equation log;, [X + y| = 1/2,
|Ogloy - |0910 |X| = |09100 4 fOF X and y.
Sol.

25. Find the values of x satisfying the equation
|x - 1]" = (x - 1)/, where A = log; x? - 2 log, 9.
Sol.

26. Find all real number x which satisfy the equation

2 log, log, x + log; , log,(2 /2 x) = 1.

Sol.
27. Let A denotes the value of

ab ++/(ab)® —4(a+b) ab—4/(ab)? —4(a+b)
log,, 2 + 109, 2

when a = 43 and b = 57 and B denotes the value of the

expression (2°%18).(31°%3) Find the value of (A . B)
Sol.

28. (a) If x = log;4 and y = log; 3, find the value of
log; 10 and log5(1 . 2) interms of x and y
Sol.
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(b) If k%° = 16, find the value of k(°%:5"
Sol.

29. (a) If log,, (x?-12x + 36) =2
Sol.

(b) 9t +legx_31+logx _ 390 = 0; where base of log is 3.
Sol.

30. Simplify : (@) log, 5 {/729]/97".274/3

Sol.

logy, (log, N)
log, a

(b) a
Sol.

31. (a) If log, log; log, x =0
Sol.

(b) Iflog, logs [\Jox -2 +3]1=0
Sol.

32. (a) Which is smaller? 2 or (log 2 + log, ).
Sol.

(b) Prove that log, 5 and log, 7 are both irrational.
Sol.

33. Let a and b be real numbers greater than 1 for
which there exists a positive real number ¢, different
from 1, such that 2(log, c + log, c) = 9log,, ¢

Find the largest possible value of log_b.

Sol.

34. Find the square of the sum of the roots of the
equation.

log;x . log, . logex=log, x . log, x+log, X . loggx . logsX . log;x
Sol.
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35. Find the value of the expression
2 3

+
log,(2000)°  logs(2000)°
Sol.

36. Calculate : 45/°9:2(3-6)-6logs (V3—2)

Sol.

3

@ Iog\/gs 2
37. Simplify %_((ﬁ)@_ﬁ 25)I09256)'

Sol.

38. Simplify 5°0s()

4 1
+lo Ho .
| 9 s 02t
Sol.

39. Find X’ satisfying the equation

4Iogmx+1 _ 6Iog10 X _ 2.3Iogmx2+2 -0.

Sol.

2
40. Given that log,a=s, log,b=s2 & 109_.(8) = T

2,5
a
Write log, —,—as a function of 's” (a, b, c > 0, c# 1).
c

Sol.

41. Find the value of 4g(1-c9:2) 4 g-logs4,
Sol.
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42. Given that log,3=a, log,5=b, log,2=c , | 43. Prove that a*-b¥=0 where
express the logarithm of the number 63 to the _ _
base 140 in terms of a, b &c. X = ylog,b &y = Jlog,a .a>0,b>08&a b=1.

Sol. Sol.

[ Exercise - IV I ADVANCED SUBJECTIVE QUESTIONS ]

1. Prove the identity ;
log,N . log, N + log,N.log N + log N . log, N[ Sol.

logoN . logy N . log. N
= loggpc N

Sol.

(c) log,2.log, 2 =log, 2

log;p (x - 3) Sol.

1
2. (a) Solve for x, —— ———~ =73
logyg (x —21) 2

Sol.

(d) 59+ 5 x°9> = 3(a > 0) ; where base oflog isa.

Sol.
(b) log(logx) + log(logx®*-2) = 0 ; where base of
log is 10 everywhere.
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10
3.Ifx,y>0, Iogy X +log, y = - and xy = 144, then

3
X+y ) .
5 = JN where N is a natural number, find the
value of N.
Sol.

4. (a) Given : log,,34.56 = 1.5386, find log,, 3.456;
log,, 0.3456 & log,,0.003456.
Sol.

(b) Find the number of positive integers which have
the characteristic 3, when the base of the
logarithmiis 7.

Sol.

(c) If log;4,2 = 0.3010 & log,,3 = 0.4771, find the
value of log,, (2.25).
Sol.

(d) Find the antilogarithm of 0.75, if the base of the
logarithm is 2401.
Sol.

5. If log,, 2 = 0.3010, log,,3 = 0.4471. Find the
number of integers in :

(a) 5200

Sol.

(b) 615
Sol.

6. Solve the system of equations : log, x log, (xyz) = 48
log, y log, (xyz) =12,a>,a=1
log, z log,(xyz) = 84

Sol.
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7. Let 'L’ denotes the antilog of 0.4 to the base 1024.
and ‘M’ denotes the number of digits in 61°
(Givenlog,, 2 = 0.3010, log,, 3 = 0.4771)
and ‘N’ denotes the number of positive integers which
have the characteristic 2, when base of the logarithm
is 6. Find the value of LMN.

Sol.

8. log,(x) = x where a = x"°%*.
Sol.

9. xloo+4 = 32, where base of logarithm is 2.
Sol.

10.log,,,(x2+x-6)2=4
Sol.

11.x+ log,,(1+2*) =x.log,,5 + log, 6.
Sol.

12. 5|og>< —_ 3|og><—1
logarithm is 10.
Sol.

3logx+1 — Glogx-1  where the base of

1+1log, (x —4)

. logﬁ(\/ﬁ—\/x_%)

Sol.

13

=1

14.10g,120 + (x-3) - 2.log, (1-53) = —log,(0.2-5**)
Sol.
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Sol.

16. If 'x’ and 'y’ are real numbers such that,

X
2log(2y - 3x) =log x + log y, find ; .

Sol.

17. The real x and y satisfy loggx + Iog4y2 = 5 and
logg y + log, x* = 7, find xy.
Sol.

18. Find the real solutions to the system of equations
log,, (2000xy) - log, x . log,y = 4
log,, (2yz) - log,,y . log;pz = 1

Sol.

19.If x=1+log,bc, y=1+log,ca, z=1+log ab
then prove that xyz = xy + yz + zx.
Sol.

20. Given
a2+b2=c2&a>0;,b>0;c>0,c-b#1,c+b=1.
Prove that log_,,a + log_,a = 2.log_, a.log_a.
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Sol.

log,N logy N —log, N
logo N 1og, N — log, N where N>0 &N=1,

21. If

a,b,c>0&not equal to 1, then prove that b2 = ac.
Sol.

22, Solve the equation

3
5 log, (x + 2)% + 3 = l0g,(4 - x)? + log, (6 + x)°.

Sol.

23. Find the product of the positive roots of the

equation ,/(2008)(x) 9z * = x2.
Sol.

24, Find x satisfying the equation

log’ (1 + ij + log® [l - ij = 2log’ [i - 1} .
X x+4 x—1

Sol.

25. Solve :

log, (\/;+‘\/;—1‘) = log, (4\/_—3+4‘\/;—1‘)

Sol.
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26. Solve for x :

log? (4-x) + log (4-x) . log (x + %j -2 log? (x + %j =0.
Sol.

27. If Pis the number of integers whose logarithms
to the base 10 have the characteristic p , and Q the
number of integers the logarithms of whose reciprocals
to the base 10 have the characteristic —q, show that
log,,P-log,,Q=p-q+1.

Sol.

[ Exercise-v |

JEE PROBLEMS ]

1. Solve the equation log,,, logg (x2 + 7) + log,,»
logy,y (x* + 7)1 = -2. [REE 2000, 5 Marks]
Sol.

2. Number of solution of log, (x = 1) = log,(x - 3) is
[JEE 2001(Scr.)]

(B)1 (C)2 (D) O

Sol.

3. Let (xq, Yq) be the solution of the following equations
(2X)|n 2 — (3y)ln 3

3Inx = 2Iny
Then x, is [JEE 2011, 4]
1 1 1
GV (B) 3 © 5 (D6

Sol.

TIT-JEE|ALEEE

(A) 3

MoTioN:

Nurturing potential through education

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671,93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-hr. motioniitjee @gmail.com




| Basic Mathematics & Logarithm | Page # 35

Answer Ex-I SINGLE CORRECT (OBJECTIVE QUESTIONS)
1.C 2. A 3.D 4.B 5.A 6.B 7.D 8.C
9.B 10. A 11.C 12.D 13.B 14.C 15.D 16.D
17.D 18.B 19.C 20.B 21.C 22.C

Answer Ex-l1 MULTIPLE CORRECT (OBJECTIVE QUESTIONS)
1.AB 2. ABCD 3. AB 4. ABCD 5. ABCD

Answer Ex-llI SUBJECTIVE QUESTIONS

. . 2+y2-46
2. (i) y2-1 (i) = ——
1 L 1
3. (i) (x-2y) (X + y? - xy) (i) (2= H1|@ rz 3t +2 (i) (x - 1) (x - 2) (x - 3)
(iv) (x + 2) (x* - 2x - 5) (v) (a-b)(b-c)(c-a)
a4
4. (A -X2+1)P+x+1)(%-x+1) (i) (x> -2x+2) (X*> + 2x + 2) 5. oF
6. a,=a,=a;= . =a,=
7. (@) x==x1(i)x=5 (ii)x=2 (iv)x=-3,3 (v)x=-1 8. O 9. x=10
10. abc=1 11. 1 13. (a)log, 3 (b)log, 11 14. x=16o0orx=-4
11
15. 8 16. {1/3} 17. {-4} 18. 20’5 19. {107°.10%}
1
20. {1, 5,2—5} 21. x=16 22. x=3 23. (a) 12 (b) 47
24. x=10/3,y=20/3&x=-10,y =20 25. x=2o0r81 26. x=38
Xy+2 xy+2y-2
27. 12 28. (a) 2y 2y (b) 625
29. (a)x=16orx=-4 (b)x=5 30. (a)-1,(b)logN 31. (a)s, (b)x=3
1

32. (a)z2 33. 2 34. 3721 35. 6 36. 9 37. 1
38 6 39 - 40 2s+10s2-3(s*+ 1 41 = 42 _1+2ac

) X% 400 ) ° st-3(s ) ) 2 " 2c+abc+1
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Answer Ex-1V

ADVANCED SUBJECTIVE QUESTIONS

2. (a)x=5 (b)x=10 (c)x=2"% or 2

4. (a) 0.53861 1 5386; 3.5386 (b) 2058

V2

(d) x = 2792 where base of log is 5. 3. 507

(c) 0.3522 (d) 343 5. (a) 140, (b) 12

11 1 1

4 7 A v 7 = = —_—
6. (a%, a, a’) or [a“ a a7) 7. 23040 8. X=2 9. X =2o0r 32
10. x=1 11. x=1 12, x =100 13. x=5 14. x=1 15. Xeod
16. 4/9 17. xy=2° 18. x=1,y=5z=10rx=100,y =20,z=100
22, x=2o0rl-,33 23. (2008)>2 24, X = \/E or \/E 25, [0, 1] u {4}

7 3++24

26. 0> 27. p-qg+1

Answer Ex-V

JEE PROBLEMS

1.x=3o0r-3

2.B
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